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Automaticgeneratiorof fuzzylogic rule bases:
Exampled

HartmutSurmanmnd AlexanderSelenschtschiw

Abstract— Learning fuzzy rule-based systemswith genetic al-
gorithms can lead to very useful descriptions of several problems.
Many different alternative descriptions can be generated.In many
casesasimplerule basesimilar to rule basesdesignedby humansis
preferablesinceit hasa higher possibility of being valid in unfore-
seencases.Thus, the main idea of this paper is to study the genetic
fuzzy rule baselearning algorithm FRBL [1] by examplesfrom the
machinelearning repository [2] and to compare it with someother
approaches.

Keywords— Fuzzy logic controller, geneticalgorithm, entropy of
fuzzy rules, machinelearning.

|. INTRODUCTION

The aim of control theory is to define a function

f:X—=Y with the intentionto show that f(x) is the cor-
rectanswergiventheinput x. On the baseof piecesof
fuzzy information (fuzzy granules)an approximationof
suchanidealfunctionf:X Y is mentionedn fuzzy ap-
proachego controlapplicationq3]. This approximation
is achiezedby a systemof fuzzy IF-THEN ruleslike:
If xis A THENYy is B, whereA andB arelabelsfor fuzzy
subsetsHumansystemdesignetusesucharule asalog-
ical implicationA(x) — B(y) in ourhumanunformalized
logic. This usagds ratherquestionabléut leadsto good
resultsin ahugenumberof practicalapplications.

Learning algorithmsfor the automaticgenerationof
fuzzyrulesarealsowell known [4]. Thesdearningalgo-
rithms generatduzzy ruleson the baseof learningvec-
tors and learn/optimizethe I1/O behaior of the system.
Novel approachefb], [6], [7], [1] considemalsothestruc-
ture of the rule base.Cheonget. al. [5] useonly avery
simplerule basestructureandthey restrictthe member
shipfunctionswhich leadsto solutionsfar away from an
optimumbut they write correctly: “We believethat their
power havebeenblindly usedto optimizethe designof
FLC’s without regards to the simpleand commonsense
reasoningstructure of FLC’s. Thoughthe blind use of
GA's canproducenearoptimal FLC's, it risesproblems
sud as messyoverlappingof fuzzysetsand rules not in
agreementvith commorsensé Castilloet. al. [6] coded
onerule in a chromosomendselectedhe rule baseon
the baseof the degreeof completenesandthe degreeof
consisteng. Our approach1] codeda rule basein one
chromosomeand leadsto very useful descriptiong[8],
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[9]. An importantideais inspiredby neurobiology re-
sults. They postulatethat humanlearninge.g. speech
acquisitionis alsoa procesof reducingarich parameter
set. Therefore the structureof the fuzzy rule basesys-
temis enlagedat the beginning andreducedduring the
learningprocess.

Nevertheless,all of thesenovel approachegprovide
betterresultsi.e. the fuzzy rules are more readableby
humansNeverthelesshey still have difficultiesto model
thehumanlogical implication.

This papershovs someexamplesof generateduzzy
rule basesand is organizedas follows. The next sec-
tion givesa brief introductionto the basicalgorithmand
the last section shawvs the results of the FRBL algo-
rithm learningfour examplesfrom the machinelearning
databas¢?].

Il. BASIC TERMS OF GENETIC ALGORITHMS AND
Fuzzy RULE-BASED SYSTEMS

Now a very brief introductionto GA and FRBS is
given. An elaboratediescriptioncanbefoundin [1].

A. FuzzyRule-Base®ystems

FuzzyRule-Basedystemsonsistof K fuzzy rulesof
theform:

K:IFX;isl;  AND X, isl, AND ... X,isl,, THENyisO,

wherexy, ..., X, andy represeninput and output vari-
ablesandl, ,...,l,, O, theirrespectie MFs. Thenthe
extentto which aruleis activatedis calculatedas:

Oy = Hi, (x;) AND M, (%) AND ... AND o (Xn)

where ;. k(Xi) is the membershipvalue of x; in thel;

fuzzysetiTheresuItof the AND combinatioris usedasa
measurdor thetruth of therulewherethe AND operation
is a T-Norm e.gminimum. Whenarule is activatedwith

atruth value a,, the inferencingprocessstatesthat the
MF of theoutputsetis:

Hg, (¥) = oy AND pg, (¥),

which s the fuzzy resultof therule. Here,the minimum
operatominis usedasan AND operatorfor bothcases.
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Thetotal outputfuzzy setis calculatedby the compo-
sitionalrule of inferenceas

HE™ () = 15! (¥) ORUG (y) OR -+ ORUZ' (¥)
whereit is supposedhat the systemis describedby K
rules. In orderto geta crispnumberasoutputusuallya
de-fuzzyficationmethodis used. The calculationof the
fuzzy resultfunction ;.ltOta' (y) andthefinal crispvalueis
thebottleneckduring computation.Thereforea modified
centerof gravity algorithmis usedto calculatetheareaA,
andthecenterof areaM, of eachMF beforeruntime:

A = [Oi(y)dy, M = [y x g (y)dy.

Theoutputvalueis computedas

ZI 00; x M,
ycrlsp Z:O al X A1
B. CostsandminimalFRBS

1)

For an automaticlearningalgorithmwhich learnsthe
functionf:X—Y andthestructureof thefuzzy rule base,
theinput and outputvariablesaswell asthe MFs of the
FRBSafunctionis demandedvhich representthecom-
plexity of thatproblem:

Definition 1 (Compleity CostFunction,E) A FRBS
with k fuzzy rules, n linguistic variables, k « n sub-
premiseandm=m, +...+m, MFsis lesscomplex than
onewith
1. k+ 1 fuzzyrules,k* n subpremiseandm MFs or
2. kfuzzyrules,(k*n)+1 subpremiseandm MFs or
3. kfuzzyrules,kxn subpremiseandm+ 1 MFs.

Theweightingof theabove threetermsdepend®nthe
application.A mathematicaéxpressiorof the complex-
ity functionE is givenlater. Onthebaseof thecostfunc-
tion E a two steplearningprocedurds described.First
an “opening step” is any operationon a FRBSthatin-
creasedhe costfunction E. Seconda “closing step” is
ary operationon a FRBSthatdecreasethe costfunction
E. Any openingstepresultsin a new fuzzy systemwith
more MFs. Whereasary closing stepresultsin a new
fuzzy systemwith lessrules, MFs or subpremises.Fi-
nally we areinterestedn minimal fuzzy systemsandwe
definethemby usingthe costfunctionE:

Definition2 (Minimal Fuzzy-System)Let us approxi-
matea real systemf (X), usinga fuzzy systemX(X) and
let € > 0 be a maximal acceptederror limit. A fuzzy
systemX with sup{| f(X) = X(X)| |[ReU}<c¢is
calledminimal if thereis no otherfuzzy systemY with
sup{| f(R) —Y(X)| |ReU} <eandE(Y) < E(X),
whereE is thecompleity costfunction.

Alternatively to the absolutemetric the Euclidianmetric
canbeused:
(VS (F(X) —Y(X)? < €). Therealsystemf(X) is repre-

sentedoy referentialvectorsr.

C. GeneticAlgorithms

For the optimizationof the FRBS we usea standard
GA consistingof a numberof encodedsolutions,some
geneticoperatorsvhich producenew solutionsanda fit-
nessfunctionwhich sayshow gooda particularsolution
is [10]. A parallel versionof the algorithm is imple-
mentednthebaseof MPICH, aportablemplementation
of themessagepassingnterfaceMP| andthe PGAPRack
V1.0[11], [12].

Every chromosomés containsall fuzzy setparameters
m; ando;;, wherei = 1,...,n+mis thenumberof vari-
ablesandj =1...,0nis the numberof respectre MFs
pervariable.

m; andg;; arethemeansandsigmasof Gaussiarike
MFs. They areconstructedrom probabilitydensityfunc-
tionsby p(x) = A p(x). Theconstanf\ is calculatedising
the constrainsupu = 1. The Gaussiamprobabilitydistri-
bution p(x) = ¢ (x;m, 0?) is chosenpecausehis distri-
bution fits a lot of real world problems. Therefore,the
membershigunctionsusedin the systemaredefinedby

2
p(x) = ov2mg(x;m,0?) = exp(—(XZGr;) ) 2)
TheMFsarelimited by p(x) =0 for x ¢ [m—2.90,m+
2.90]. Non-symmetricGaussianMFs consistof two
parts(left andright) with acommonmiddle point but dif-
ferento, andaright for theleft andright side. Triangu-
lar or trapezoidViFs arespecialcaseof theGaussiatMFs
by anapproximatiorwith two or threelines. Thelength
of astringis: L =2 x| x (n4+m) x k for the symmetric
andL =3 x| x (n+m) x kfor thenon—symmetricase.
Theusedfitnessfunctionhasto fulfill two constraints.
Thefirst part considerghe I/O behaior andthe second
part the structureand compleity of the resultingfuzzy
system. The structuralpart of the fithessfunction has
threeitems.

OF = OF'/0 x (OFF x OFS x OFY?). (3)

OF is thefitnessfunctionthatthe GA hasto maximize.

Theonly propertyfor thel/O behaior of the FRBSis
the maximizationof the reciprocalof the Mean Square
Error (MSE).

PV Nowt

OFS=pv/ 3 3 (1ij=0,)" @
i=1|=

where pv is the numberof referentialdatapairs, Ny is
thedimensiorof theoutputvector o, ; isthecurrentcom-
putedoutputvalueof the FRBSandr . is therespectie
referentiavalue(i=1...pv, j=1.. nou) For otherap-
plicationfieldsthis partof thefithessfunction shouldbe
adaptedo theapplicationclass.For controlprocessethe
systemresponsegarametee.g. rise time RT, overshoot
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OV, steady-staterror SSE,settlingtime ST, etc. canbe
used. Classifiersystemsare codedas a stair function.
Eachclassis identifiedby a number(1,2, ... #of classes)
andtheabove MSE criteriais usedduringthelearning.

Threecriteria for the structureof the FRBS are also
considered. The first criterion (OFF) for the structure
of a FRBSis the degree of fuzzines®r the entropy of a
FRBS.It is definedby the averagenumberof activated
rules:

1 P
Rqo = a * Z Rcur,ia (5)
=

whereR,,; is the currentnumberof activatedrules for

the i-th in’put/outputpair and pv the numberof those
pairs.If thenumberof activatedrulesis minimali.e. one,
thena FRBS is maximally understandabléy humans.
FRBSswith a high numberof activatedrulesbehae like

aneuralnetwork i.e. alot of rules(neurons)determine
theoutputvalues.To decreas¢heentropy of aFRBSand
with it the overlapof the MFs, a maximalnumberRmax

andadesirednumberR,4 of activatedfuzzy ruleshasto

bedefinedandthefitnessfunctionis extendedas:

1

OFf = — -
(ro—Da+(gZ—1b+1

(6)

wherea andb arepredefinedveightingfactors.

The secondcriterion (OFS) for the structureof the
FRBS is the numberof MFs. For that MFs with high
degreesof overlap are counted. Suchnearly equalMF
pairsaredesirable pecausehey canbe easilyunifiedto
only oneMF whichreduceghe costfunction (Def. 1(3))
The criterion for the highestpossiblenumberof similar
MFsis:

s _ Sho
OF>= (7(n+m)R[0ta|) y+1 (7

wheres, is thenumberof similar MFs, n+mis thetotal
numberof input and outputvariables,R ., is the total
numberof rulesandy € R is a predefinedveightingfac-
tor for the numberof similar MFs.

The third criterion (OFY?) for the structureof the
FRBSdealswith neveractivated(u(x) = 0,Vx € U) and
alwayscompletelactivated(u(x) = 1, ¥xe€ U) MFs. On
onehanda subpremisef arule canbe eliminatedif the
belongingMF is always completelyactivatedfor all of
the training pairs so that the cost function E decreases
(Def. 1(2)). Onthe otherhandMFs which arenever ac-
tivatedcanbe eliminatedtogethermwith all the rulesthat
they participatedto so that the costfunction E also de-
creasegDef. 1(1)). Thecriterionfor the highestpossible
numberof alwayszeroandalwaysoneMFs with thepre-
definedweightingfactors{,n € R is:

whereuno is the numberof always one MFs, z,, is the
numberof always zero MFs. Alwaysone MFs are re-
placedby trapezeMFs covering the total variable do-
main,while zeroMFs arereplacedby impulses.

Besidethe well known mutationandcrossingover op-
eratorswe usetwo new operators:Setzeo/oneis used
to produceMFs which arealwaysoneor alwayszero. It
randomlyselectsa MF for eachinput/outputvariableand
changests sigmavalueto infinity (4) in caseof anal-
waysone MF or to zeroin caseof an alwayszero MF.
The othergeneticoperatorcalledsetsimilar, selectgan-
domly for eachinput/outputvariablea MF andmakesit
equalto the MF thatis mostsimilarto it.

IIl. EXAMPLES

This sectionshovs someexamplesof the learningal-
gorithm FRBL. Most of the datasetscan be found at
the machine learning repository databaseof the UCI
[2]. A continouslyupdatedresultpagecanbe found at
http://www.ais.fhg.desurmann/fuzzyf13].

A. GasFurnaceData

Thedatasetfrom Box & Jenkins’consistof 296 pairs
of input/outputobsenations. The input is the gasflow
rateinto the furnaceandthe outputis the concentration
of CO, in theexhaustedyas.

As well asin literature,two input variablesn;,, = 2
x(t— 1), y(t — 1,) andoneoutputvariabley(t) arecho-
sen. Here,x(t — 1;) denotesheinputattimet — 1, and
y(t — 1,) theoutputof theprocessatt — 1,. With 7, =4
andrt, = 1thereferentialdatasetcontainsp = 296— 1, =
292 elements. The above datasetis usedfor training
andasvalidationsetfor testing. Tablell shavs somere-
sultsfor differentnumbersof rulesandentrogy andtable
| someresultsfrom theliterature.

TABLE |
RESULTS FOR THE GAS FURNACE DATA FROM LITERATURE.

MSE | Init. Rules| Rules Author
0.469 X6 19 Tong[14]
0.355 5x5 6 Sugencet.al[15]
0.320 9x9 81 Pedryz[16]
0.328 5x5 25 Xu-Lu [17]
0.172 7 38 | Abreuet.al.[18]
0.138 3x5 15 Surmanr(8]

A.1 Discussiorof theresult

The first exampleshaws an optimizationwith a target
of verylow costsk (Def. 1). It startswith 10fuzzyrules
and 10 MFs pervariableandendswith only 2 rulesand
two MFs pervariableanda meansquareerror of 0.172
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=

.IF X1 issmallAND X2 is largeTHEN Y1 is small
2.IF X1lislargeAND X2 issmallTHEN Y1 islarge

x(t) X0
small’ j j " "Targé j small’ j j " "Targé

rule number

501001502000 250 T 30C
pattern number

Fig. 1. Top: Thetwo fuzzy rulesandsix MFs for the first example
of the GasFurnacedata. Bottom: The function andapproximated
curne (MSE = 0.172)togethemwith theactivation of therules.

(fig. 1). The rule activation shavs the contraditionary
partof therules.

The secondexampleshows anoptimizationwith atar
getof low costskE (Def. 1) but higherentropy. It results
in a betterapproximatiorbehaior. It alsostartswith 10
fuzzyrulesand10MFs pervariableandendswith 5 rules
and5 MFs pervariable(Fig. 2). Thenumberof activated
rulesis always high (four), but the fuzzy rule basedoes
notbehaelikeaneuranetwork. Theruleactivation(Fig.
2 bottom)shaws that mainly onerule is highly activated
andthatthe otherthreerulesareonly activatedto a small
degree. Nearly all input valuesof X2 = y(t-4) lie in the
overlappingareaof the three MFs. The meanssquare
error (MSE = 0.117)is distinctly betterthenin example
one.

1. IF X1 is very-smallAND X2 is very-lage THEN Y1 is large
2.IF X1 is smallAND X2 is mediumTHEN Y1 is medium
3.IF X1 is mediumAND X2 issmallTHEN Y1 is very-small
4.IF X1 islarge AND X2 islarge THEN Y1 is very-lage

5.IF X1 is very-lage AND X2 is very-smallTHEN Y1 is small

X )
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Fig.2. Top: Thefive fuzzy rulesandsix MFs for the secondexmaple
of the GasFurnacedata. Bottom: The function andapproximated
cune (MSE = 0.117)togethemwith theactivation of therules.

B. Wine data

This datais theresultsof a chemicalanalysisof wines
from the sameregion but with differenttypesof grapes,
using 13 continuousvariables,178 examplessplittedin
3 classes.Castillo et. al. [6] usethis datasetto shav
the performanceof the SLAVE algorithmfor fuzzy rule
generation.

Thedatawasusedwith mary othersfor comparingvar-
ious classifiers. The classesare separablethoughonly
RDA has achieved 100% correct classification. RDA
: 100%, QDA 99.4%, LDA 98.9%, 1NN 96.1% (z-
transformediata).All resultsusetheleave-one-outech-
nigue. In a classificationcontext, this is a well posed
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TABLE Il

RESULTS FOR THE GAS FURNACE DATA FROM THE FRBL
ALGORITHM (SYMMETRIC MFS).

MSE | #rules| entropy
0.172 2 2.0

0.163 3 2.90
0.144 4 2.85
0.132 4 2.98
0.164| 4(5) 2.73
0.150| 3(5) 2.96
0.117 5 3.91

1. IF X1 is mediumAND X2 is mediumAND X4 is medium
AND X5 is mediumAND X7 is medium AND X8 is medium
AND X10islarge AND X12 is mediumAND X13is smallTHEN

Y1islarge

2. IF X1 is smallAND X2 is mediumAND X4 is large AND X5
is smallAND X7 is smallAND X8 is mediumAND X10 is small
AND X12is smallAND X13islarge THEN Y1 is small

3. IF X1 islarge AND X2 is mediumAND X4 is smallAND X5 is
large AND X7 is large AND X8 is mediumAND X10 is medium
AND X12islarge AND X13is mediumTHEN Y1 is medium

Fig.3. Thethreefuzzyrulesfor thewine data.

problemwith "well behared” classstructureslt is agood
datasetfor first testingof a new classifier but not very
challenging2].

TABLE Il
RESULTS FOR THE WINE DATA FROM THE FRBL ALGORITHM AND
FROM LITERATURE.

Class. MSE #rules/MFs| entropy | author
100% | 0.001931| 3/26 1.70 | FRBL
100% | 0.001079| 3/32 1.72 | FRBL
96.76% - 5.2/- - [6]

B.1 Discussiorof theresult

TheFRBL algorithmclassifiesl00%with only 3 rules
(fig. 3 andfig. 4). The numberof MFs could be further
reduced.Rule 3 classifieghefirst class,rule 1 the third
class.Class2 is classifiedby rule 2 and1. Theautomatic
labelingalgorithmmislabeledwo outputMFs (smalland
mediumfig. 4).

C. lonospheedata

Classificatiorof radarreturnsfrom theionosphere34

attributes,200trainingand 151 testexamples,2 classes.

Original they investigatedusing backpropand the per
ceptrontraining algorithm on this database.Using the
first 200instancedor training,which werecarefully split
into almost50% positive and 50% negative examples,
they found that a "linear” perceptronattained90.7%,a
"non-linear” perceptronattained92% and backpropan

medium
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rule number
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Fig.4. A subseMFs for thewine data.Bottom: Thefunctionandap-
proximatedcurve (MSE = 0.0019,100%correctclassifiedfogether
with theactiation of therules.

averageof over 96% accuray on theremainingl50test
instances.Thetestinstancesonsistof 123 "good” and
only 24 "bad” instances.Accurag/ on "good” instances
wasmuchhigherthanfor "bad” instancesBackpropwas
testedwith severaldifferentnumbersof hiddenunitsand
incrementaresultswerealsoreported(correspondingo
how well the differentvariantsof backpropclassifyafter
aperiodicnumberof epochs)2].

David Aha (aha@ics.uci.edWriefly investigatedhis
database He found that nearesineighborattainsan ac-
curag of 92.1%,that RossQuinlans C4 algorithm at-
tains 94.0% (no windowing), andthat IB3 (Aha & Ki-
bler, 1IJCAI-1989) attained 96.7% (parametersettings:
70%and80%for acceptancanddroppingrespectiely).
Castilloet. al. [6] usethis dataseto show the perfor
manceof the SLAVE algorithmfor fuzzyrule generation.
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TABLE IV
RESULTS FOR THE | ONOSPHERE DATA FROM THE FRBL
ALGORITHM AND THE LITERATURE.

Class. sets #rules/MFs| author
98,57%| total(351) 2/35 FRBL
98.0% | learning(200) 2/35 FRBL
99.34% | testing(151) 2/35 FRBL
92.88%| total(351) 4/— [6]

1. IF X1 is mediumAND X2 is large AND X3 is large AND X4 is
large AND X5 is large AND X6 is large AND X7 is large AND X8 is
large AND X9 islarge AND X10is large AND X11 is smallAND X12
is large AND X13is large AND X14 is large AND X15 is large AND
X16 is large AND X17 is large AND X18 is large AND X19 is large
AND X20 is smallAND X21 is large AND X22 is smallAND X23 is
small AND X24 is large AND X25 is small AND X26 is small AND
X27 is smallAND X28 is smallAND X29 is large AND X30 is large
AND X31 is smallAND X32 is large AND X33 is smallAND X34 is
smallTHEN Y1 islarge

2. IF X1 is mediumAND X2 is small AND X3 is smallAND X4 is
smallAND X5 is smallAND X6 is smallAND X7 is smallAND X8
is smallAND X9 is smallAND X10is smallAND X11 is large AND
X12 is smallAND X13 is smallAND X14 is smallAND X15 is small
AND X16 is smallAND X17 is smallAND X18 is smallAND X19is
small AND X20 is large AND X21 is smallAND X22 is large AND
X23 is large AND X24 is small AND X25 is large AND X26 is large
AND X27 is large AND X28 is large AND X29 is smallAND X30 is
small AND X31 is large AND X32 is small AND X33 is large AND
X34 islargeTHEN Y1 issmall

Fig.5. Fuzzyrulesfor thelonospheralataset.

C.1 Discussiorof theresult

TheFRBL algorithmclassifie®98.57%of thecomplete
datasetand 99.34%of the testdatasetwith only 2 rules
(fig. 5 andfig. 6). The numberof MFs could alsobe
furtherreduced Rule 1 classifieghefirst classyule 2 the
second.

D. Iris data

In hisintroductionof the methodof discriminantanal-

ysis, R.A. Fisherpresentedn analysisof measurements

on Irises. There were 50 flowers from each of three
speciesof Iris - Iris setosalris versicolor and Iris vir-
ginica. Therewerefour measurementsn eachflower -
petal length, petal width, sepallength and sepalwidth.
Sincespeciegype is known, the problemis one of sta-
tistical patternrecognitionandthe datacanbe analyzed
usingdiscriminantanalysisor a supervisedearningap-
proach. The datasetcontains3 classeof 50 instances
eachwhereeachclassrefersto atypeof iris plant.

This is perhapsghe bestknown databaseo be found
in the patternrecognitionliterature.Fisherspaperis well
knownin thefield andis referencedrequentlyto thisday.
(SeeDuda & Hart, for example.) One classis linearly
separabldrom the othertwo classesthe latterare NOT
linearly separabldérom eachother[2].
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Fig. 6. A subsetof the MFs for the lonospheredata. Bottom: The
function and approximatecturve (98.57%correctclassified,5 er-
rors)togethemwith theactivation of therules.

TABLE V
RESULTSFOR THE IRISDATA FROM THE FRBL ALGORITHM.

#rules/MFs| author
2/11 FRBL

Class. sets
97.33%| total (150)

D.1 Discussiomf theresult

The FRBL algorithm classifies97.33% of the iris
datasetvith only 3 rules(fig. 7 andfig. 8). Rule1 classi-
fiesthefirst classyule 1,2and3 theseconctlassandrule
3 thethird class.
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